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We calculate the two-particle irreducible (2PI) effective potential of the 0{N) 
linear sigma model in 1+1 dimensions. The approximations we use are the next- 
to-leading order of a 1/A'^ expansion (for arbitrary N) and a kind of "resummed 
loop approximation" for N = 1. We show that the effective potential of the l/N 
expansion is convex for = 4 and A'^ = 10 whereas it is not for the "loop" 
expansion and the case A'^ = 1 of the 1/7V expansion. 



1. Introduction 

Inspired by earlier analyses out of equilibrium and in thermal equilibrium ^ 
we are interested in the phase structure of the 0{N) linear sigma model 
in different approximations. Since renormalization is quite a task in 3-1-1 
dimensions we first carry out this analysis in 1+1 dimensions. For all details 
the reader is referred to a more comprehensive analysis published recently ^ . 



2. Basic Equations 
2.1. Classical action 

We take the following classical action for the 0{N) linear sigma model with 
spontaneous symmetry breaking in 1+1 dimensions 

5[$]=y"d2a;i(9^$)2- A(^$2_^^2^' ^j^^^^ $ = ($1, . . . , $Ar) . 

(1) 

In order to consider finite temperature we use the Matsubara formalism 
where the Minkowskian integral over momentum space is transformed to a 
sum and an integral over spatial momenta. We will use the short-hand nota- 
tion TJ2uj I ^ ^ P ■ For the effective action we consider a homogeneous 
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background condensate (j) = (^) = <!>,■■■ which can be 0(A'')-rotated 
such that it points only in the 1-direction 

2.2. 2PI effective action 

The two-particle irreducible (2PI) effective action ^ reads 
T[(j),G]=S VN(f> +^Tr (zp-^G - 1) + | Indet G-^Dq + TsfG, . (2) 

Here the two-point function G is a, N xN matrix which is 0{N) symmetric, 
G = diag [Ga, G„,. . . , G^], and V denotes the analogous matrix of classical 

Green functions with iD'^\{k) = fc^ — \{fa-.-7r 4'^ — v"^) and /o-.tt = 3, 1. The 
explicit form of all higher-order corrections denoted by r2[G, </>] is related 
to the type of approximation used. 

2.2.1. Next-to-leading order ofl/N expansion 

The 1/N expansion is a systematic expansion of the effective action in 
powers of 1/N. The classical and one-loop part of the effective action is of 
leading order 0{N) whereas all further contributions (except for the double- 
bubble graph) are of higher order. Here we will only take into account the 
contributions of ncxt-to-lcading order (NLO) of the 2PI-1/A^ expansion^ 
Therefore, higher loop contributions are separated into three parts 

T2[(p, G] = rf [G] + T'^'^-'^'IG] + r2""''*[</', G] . 

The first term (so called double-bubble) contributes both at leading and 
next-to-leading order of 1/N (cf. larger articles for details ^'^) To sum up 
all contributions of next-to-leading order (NLO) we use the functional ^ 



1 + z^Tr :F{p) 



i^Tr:F{p) } , (3) 



rr'''^[G] = ^^ jln 
where Tr.7^ is the trace of all fish graphs 

Tr.F(p) = J^^{p) + iN- l)J^^ip) with ^4p) = / G^k) G,{k + p) . (4) 

Jp 

The subtracted graph in Eq. (3) is the NLO part of the double-bubble which 
is dealt with separately ^. 



^Duc to rcsummation contributions of all powers of 1/iV contribute as well. Though the 
order is determined from the 2PI graphs of the action. 
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The generalization of sunset diagrams in the effective action is achieved 
by cutting a sigma line of Pj*^'^'^''* and pinning the two open legs to the 
background by multiplying by a factor of N(jP 

T~[<^, G] =iX<^- i GAp) 'j^^^^^] , • (5) 

Expanding this in powers of one finds graphs of the generalized sunset 
kind (see again our larger article ^ for figures and more details). 

2.2.2. "Loop" expansion for N = 1 

Since for = 1 the expansion is somewhat meaningless, one could 
have the idea to improve a loop expansion by summing up all pearls and 
generalized smiset graphs as in Eqs. (3) and (5). We will call this "loop 
expansion" although this is not literally correct. We take into account the 
same graphs (topologically) as in the 1/N expansion but with a combina- 
torical factor that disregards their order of 1/A''. The respective expression 
for the resummation of pearls is (note the additional combinatorical factor) 

ppearlsj^j = ^ ^ {in [1 + 3iXJ^{p)] - iSX^p) + 3X^ [J^{p)f} . (6) 

The subtracted graphs in Eq. (6) have to be dealt with separately due to 
diflferent combinatorical factors. The last term in Eq. (6) is the basketball 
graph which has a different topology than the graphs with more than two 
vertices. The sum of generalized sunset graphs is obtained in an analogous 
way to the 1/N expression (5). It reads 

r^--*[<^, G] = tX g^W i+tiA^jp) + 6A^^(p)G(p) . (7) 

2.3. Dyson Schwinger Equation 

In order to calculate the IPI effective potential from the 2PI effective action 
we have to solve the Dyson-Schwinger equation 5T/dG = for the 2-point 
function. Using the convention iG~^(p) = ir'~^ — E,(p), where * = c7,7r, we 
can express the Dyson-Schwinger equation in terms of the self-energy S(p) 

S.(p) =3^B, + {N- 1) Afi. _ 2 (rr-^^ + r™-"'*) (8a) 

S.(p) = A + (AT + i)^B„ - 2 (rP---'^ + r™) . (8b) 
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The IPI effective action is obtained by substituting a solution G{(j)) of 
Eqs. (8) into T[(p,G]. We will plot the IPI effective potential that differs 
from that only by a total factor of volume times temperature. 

3. Numerical Results 

For a given temperature T and different values of 4> we numerically solve 
the Dyson-Schwinger equation (8) by iteration. 

3.1. Next-to-leading order of 2PI 1/N expansion 

We take here a value of A = 0.5 for the coupling constant and show results 
for N = 1, N = 4 and N = 10. Figure 1 indicates that there is only one 




Figure 1. Shape of the effective potential in the 2PI 1/N approximation at NLO. From 
left to right: N = 1 and A = 0.1 (not normalized), N = 4 and A = 0.5, N = 10 and 
A = 0.5. 

vacuum at (/> = for the considered temperatures and the cases N = 4: 
and N — 10. The potential for TV = 1 shows signs of a false vacuum 
which is actually not expected in a expansion. Though for = 1 this 
expansions is obviously not meaningful. For the sake of direct comparison 
we mention — without showing a plot — that fov N = 1 and A = 0.5 the 
1/N potential is convex at temperatures T = 0.7 and T = 0.8, e.g., whereas 
it is not when using the "loop expansion" (see below and Fig. 2). 

3.2. "Loop expansion" for N = 1 

We display the effective potential in the resummed "loop expansion" (cf. 
Eqs. (6) and (7)) in Fig. 2 at different temperatures and for three values 
of the coupling constant. The potential exhibits a typical structure with 
a false vacuum — a clear sign of a first-order phase transition. For higher 
temperatures, e.g. T = 1.2 and A = 1 or T = 0.8 and A = 0.5, the false 
vacuum has disappeared but a "relic" consisting of two inflection points 
remains. 



February 2, 2008 0:52 Proceedings Trim Size: 9in x 6in 



michalski 



5 




Figure 2. Effective potential of the "resummed loop expansion" at different tempera- 
tures for A = 1, A = 0.5 and A = 0.1. 



4. Conclusion and Outlook 

We have solved the Dyson-Schwinger equation to compute the effective 
potential of the 0{N) linear sigma model in 1+1 dimensions both in a 
"resummed loop" expansion for TV = 1 and at NLO of a 1/A^ expansion for 
arbitrary N. For = 4 and = 10 the effective potential is convex for 
all parameters we chose as expected from very old arguments ^. 

For iV = 1 wc find (indications of) false vacua in both approxima- 
tions. The 1/A'' expansion seems to be meaningless for N = 1 concerning 
the shape of the effective potential. For the "resummed loop expansion" 
one has to admit that this approximation only serves as an example of a 
non-systematic expansion and therefore the effective potential has a non- 
physical shape. As stated above, further results can be found in a more 
comprehensive publication^. 
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